Abstract-In this work, we investigate the effect of broadband antireflection of a medium by a layer of embedded nano-cavities arranged near the surface. It is shown that this structure is versatile and allows near 100% transmittance in a wide spectral range practically for any dielectric material. The approximate model of nano-structured layer is suggested that allows to determine the parameters of the system necessary for achieving antireflection of any a priori given media without complicated numerical calculations. The transmission spectrum of a medium modified by such a structure is entirely defined by a radius and a depth of bedding of the nano-porous layer.
INTRODUCTION
At present, a common practice to create low-reflective optical systems is to use thin-film single-or multi-layered interference coatings. Those coating can be used in a wide spectral region; however, they have a number of substantial limitations determined by the necessity to deposit many layers of films of different substances with strictly specified thicknesses [1] . The optical properties of these substances are also constrained [2, 3] . The condition of anti-reflection in this case is determined by an interference minimum of reflection that requires that interfering waves reflected from a substrate and from a boundary "vacuum-antireflection coating" have a relative phase difference π. According to this, the majority of nowadays widespread antireflection coatings do not allow to reach transmission above 99. .9% and also have dichroism [1, 4] . Ferroelectrics and semiconductors have rather high refractive index in infrared and microwave regions that also complicates the developing the antireflection coatings in these spectral ranges.
There exist a number of papers devoted to the problem of decreasing the reflection by employing the so called gradient antireflection coatings, i.e., coatings having a prominent gradient of effective refractive index created by roughness on a surface or by chemical doping of surface region. Upon this the refractive index continuously changes from almost vacuum value to the one close to the refractive index of a substrate that significantly decreases the reflection. As opposed to multilayer coating, the gradient antireflection coatings allow to achieve the antireflection effect in a wider range of wavelength [5] . Paper [6] reports the significant decrease of reflectance from a silicon surface treated by a series of femtosecond laser pulses in an environment of chlorine or sulfur hexachloride. This treatment results in a formation of conical protrusions on a surface. Analogues results are reported in [7, 8] . There exist also the antireflection coating made of artificial materials with adjustable properties represented by films with embedded and chaotically distributed nano-particles [9] [10] [11] which can be obtained, for example, by sol-gel technique. In recent work [12] , it was shown that gradient change of refractive index in subsurface region is possible even without variation of concentration of nano-inclusions. This effect is based on a variation of electromagnetic field acting on inclusions near a surface.
During recent years, the massive research is carried out devoted to the developing of new, discrete type of antireflection agents representing a layer of nano-objects deposited onto a surface of a medium or embedded into subsurface region. It is shown in [13] that putting a pile of nano-tubes on a silicone surface allows to decrease the reflectance of the substrate down to 0.05% for certain wavelengths.
An analogues effect is found also in arrays of carbon nanotubes [14] . The effect is determined by trapping of light in a rarefied chaotic nano-structural system. Subwavelength antireflection structures were used lately to increase the efficiency of semiconductor electro-optical devices such as solar cells, light-emitting diodes, photodetectors and also to increase brightness of displays [15] [16] [17] .
In our papers [18] [19] [20] [21] for the first time the theoretical approach was proposed which allowed us to treat an ordered nano-layer as an imaginary, infinitely thin boundary possessing non-Fresnel reflection and transmission coefficients. It also allowed to use the well-known Airy formalism for the systems "thin film on a substrate". The transition to the classical Airy description does not require additional approximations or averaging of parameters and fields over the volume of the film, but allows to use microscopic fields. In [18] [19] [20] [21] , the conditions of broadband antireflection were derived and investigated, and it was demonstrated that embedding a single layer of nanoparticles in a host medium allows to achieve transmission values of the system close to 100% in a wide range of wavelengths. Such a high transmittance is determined by the fact that a phase shift during reflection from nano-crystal can partially compensate the change of phase difference of waves reflected from different interfaces for different wavelengths that helps in an approximate satisfying the conditions of interference minimum in a certain spectral range. In other words, the effective optical thickness of antireflection structure becomes frequency dependent that broadens the region of transparency of the system. Also, it was demonstrated that the discussed effect cannot be obtained with continuous films or with composite coatings containing chaotic distribution of nano-objects. It is worth to note that simultaneously with our work [18] the investigation [22] was published where quantitatively similar dependencies were obtained experimentally.
In present work which is a continuation of the series of paper [18] [19] [20] [21] , we show that a layer of nano-dimensional pores imbedded into subsurface region of a medium behaves as an universal antireflecting structure that is suitable for almost all dielectric of weakly absorbing substrate. An approximate model is suggested that is a generalization of exact calculations performed with finite elements method (Comsol Multiphysics). The model allows to determine the parameters of monolayer that are necessary for antireflection of a specific medium without numerical analysis. A good agreement between this model and the results obtained with exact electrodynamical method is demonstrated.
THE EFFECT OF PHASE COMPENSATION FOR THE PATH DIFFERENCE OF WAVES IN A SYSTEM "NANO-PARTICLES LAYER -MEDIUM"
Let us consider a monolayer of identical spherical objects forming an ordered lattice ( Fig. 1 ) with translation vectors a 1 , a 2 . The radii of nano-particles are Figure 1 . Geometry of the system. A wave with wave vector k 0 is incident from vacuum on a surface of semi-infinite medium, with an embedded ordered layer of nano-objects. Here a 1 , a 2 -translation vectors; ∆ -the distance from the surface of the medium to the plane passing through the centers of nano-objects; δ -the distance from the surface of the medium to the upper boundary of nano-structured layer.
and refraction indices n = √ ε. The monolayer is located inside a dielectric medium and illuminated by external plane wave E I = E 0I exp (ik 0 r − iωt), where k 0 is a wavevector. We assume the monolayer and the medium in xy plane to be infinite. The origin of coordinates is placed onto the surface of the medium so that a center of one of the particles is determined by a radius-vector ∆ = (0, 0, −∆) (see Fig. 1 ). A similar system was considered several times in our previous papers [18] [19] [20] [21] . Also, in these papers the "imaginary boundary" method was suggested allowing to obtain an analytical solution that has an accuracy comparable to the numerical ab initio solution for the case when the size and the refractive index of particles satisfy the following conditions:
Conditions (1) imply that the electric field outside the nano-sphere changes only insignificantly in its volume.
According to [18] [19] [20] [21] , the structure can formally be described as a well-known in optics "film-on-a-substrate" system; well-known Airy formulas for media with two interfaces can be applied to describe this system:r
wherer,t are the amplitude reflection and transmission coefficients, E refl (0, t) the total field strength at a substrate-vacuum interface, E tran (∆, t) the strength of field transmitted into the medium after interaction with a layer of nano-particles, and n m = √ ε m the refractive index of the medium. To describe the interaction of complex field emitted by the layer of nano-particles with a "medium-vacuum" interface, the tensors of Fresnel transmission and reflection coefficientŝ T andR were used. The index sequence shows the direction of the wave incidence ("12" meaning going from vacuum into medium and "21" denotes going from medium to vacuum).
As it follows from Eq. (2), a formal separation of the system occurs in a "film" of thickness ∆ (the distance from the surface of the medium to the plane passing through the centers of nano-objects as seen in Fig. 1 ) with a refractive index equal to refractive index of the substrate n m and semi-infinite medium having complex nonFresnel coefficients of transmission and reflectionR l ,T l . If the nanoparticle layer is located not in a semi-infinite medium, but in a film, the corresponding formulation is necessary to generalize into a case with three interfaces.
It follows from the above-stated that the monolayer of nanoparticles represents some virtual infinitely thin interface drawn through the centers of nano-particles and having complex coefficients of reflection and transmission.
The conditions of a complete anti-reflection, according to Eq. (2), have the following simple form:
where ρ 12 , ρ l are the arguments ofR 12 andR l , respectively. As the antireflected medium is a dielectric with refractive index n m > 1, it is obvious that ρ 12 = π. As we show in [18 ,19] , the absolute value and the argument of the reflection coefficientR l can be approximately written as follows:
where
is the wavelength in vacuum and
is the polarizability of a spherical object in a dipole approximation. Those expressions are obtained by the summation in Fourier space [20] of the fields scattered by nano-objects taking into account the interaction between nano-particles. The expressions (4), (5) take into account the radiative damping that is necessary for the conservation of energy in the structure [23] . Correspondingly, the correction for radiative damping is excluded from the Eq. (6) for polarizability. In distinction to the classical system "film on a substrate", expression (3b) contains additional phase shift ρ l , appearing during the reflection of the wave from a layer of nano-particles asR l is a complex number even if the nano-particles themselves are dielectric [18] , Eq. (5). As the approximation (1) was used in the derivation of Eqs. (4), (5), the obtained dispersion of amplitude and phase of the wave reflected from a layer of nano-objects is determined by solely by electrodynamic retardation and by the dependence of dipole components in the scattering spectrum on the ratio between lattice constant and wavelength of the radiation. Nevertheless, according to the general theory of the light interaction with nano-sized spheres (Mie theory) [23, 24] , the spectrum of each separate nano-particle depends on parameter kna (k is the wave number in a medium surrounding nano-object) which determines the predominate role of multipole moments of one or another order in the scattering field decomposition. Thus, when kna is being increased, the contribution of different multipoles changes that also leads to the additional frequency dispersion of the reflection coefficient and corresponding change of the optical depth of nano-structured film. This effect, however, does not affect the final results as we used the exact finite elements numerical method for the construction of the transmission spectrum of the system. It follows from above-stated that the amplitude and the phase of the field reflected by "virtual interface" do significantly depend on a wavelength. To cancel the reflection from the surface of the medium in a certain spectral interval, it is necessary for ρ l (λ) dependence to compensate the decrease of 2n m (k 0 ∆) appearing during the wavelength growth maintaining the phase difference of reflected waves from different interfaces at the same level corresponding to the condition of interference minimum (3b).
In papers [18, 19] , we show that according to Eq. (5) the desirable effect of partial compensation of phase detuning 2n m (k 0 ∆) can take place if the refractive index of embedded objects is less than the refractive index of the surrounding medium with ρ l (λ) being the growing function. The use of pores or cavities seems to be the most promising approach. Indeed, according to Eq. (6), the polarizability of the cavities is determined by solely optical constants of antireflected medium and their dimensions that allows one to eliminate the necessity of matching of physical-chemical properties of the medium and embedded objects, and also seems to be the simplest and the most universal.
THE BASIC RELATIONS OF THE APPROXIMATE MODEL OF ANTIREFLECTING NANO-STRUCTURE
To give an example, let us consider two different dielectric media, one having the refractive index n (1) m = 1.7 (reflection coefficient equals to = 6.72%) and the other with refractive index n (2) m = 2 ( = 11.11%). Let us note that the antireflection of a glass with n m = 1.5 was considered earlier, and we found the corresponding parameters of nanostructure that are necessary to achieve close to 100% transmission in a visible range [18, 19, 21] . Figure 2 shows the transmission spectra , % of the media under consideration (the part of the energy of external wave transmitted into the substrate after the interaction with a layer of nano-pores) modified by the presence of an ordered layer of spherical nano-pores. The dimensions of the last are chosen in such a way that a maximum of be in a range (500 ÷ 550) nm. In both cases the antireflection appears to be broadband and the transmission exceed 99% inside the interval (420 ÷ 680) nm for the medium with n m = 1.7 (see Fig. 2 , solid line); for n m = 2, the 99% transmittance is achieved in the interval (470 ÷ 670) nm (Fig. 2, dashed line) . The regions where spectral dependencies of the transmittance being almost constant and close to its maximal value are also rather broad ( > 99.8% in the intervals (500 ÷ 580) nm and (520 ÷ 595) nm for n m = 1.7 and n m = 2, correspondingly) that is determined by the mutual compensation of the change in phase of 2n m (k 0 ∆) and ρ l . The maximum transmittance 100% is achieved at wavelengths 520 nm and 550 nm. Let us note that there is significant discrepancy between the wavelengths where maximum transparency is achieved for approximate formulas (4), (5) and for the exact numerical method that grows with the increase of the refractive index of the substrate. This is determined by approximations used during the derivation of indicated expressions, in particular, by condition (1) which does not hold for larger dimensions of cavities and higher values of n m .
Thus, it is desirable to determine the dependencies that would allow to a priori calculate the parameters of nano-layer necessary for antireflection of a given medium for arbitrary material of the substrate. The direct analytical solution of this problem seems to be impossible. The application of effective medium theories based on integral averaging of the optical constants over the volume (for example, Maxwell-Garnett or Bruggeman theories) appears to be unwarranted. Indeed, in the structure under consideration, it is necessary to take into account electrodynamic retardation, collective interaction of nanoobjects, and also multipole moments in a decomposition of the scattered light that cannot be done in the frames of the mentioned theories [23, 25, 26] .
In present work, we suggest to use exact electrodynamic calculations with further regression analysis of the obtained dependencies and with determination of the basic trends in the behavior of transmission and reflection spectra depending on the parameters of nano-layer and substrate. We chose the spectral position of the transmission maximum λ max to be the basic parameter of the model and we will investigate its dependence on a radius of nano-pores a, depth of bedding of the layer relative to the surface ∆, and the refractive index of antireflected medium. It should be noted that the λ max can be varied also by changing the distance between nano-cavities. However, as we will show further, having parameters a, ∆ is enough for the exact adjustment of maxima locations along the wavelengths scale. According to this, we consider the layer to be densely packed square lattice (nanocavities touch each other). In calculations we also took into account the diffuse scattering, correspondingly the transmission is determined with this effect taken into account.
Thus, having determined λ max (a, ∆, n m ), one can easily calculate the parameters of layer that are necessary for anti-reflection of a given dielectric.
First, we investigate the behavior of λ max (a, n m ) while setting ∆ equal to the radius of nano-cavities that corresponds to their location close to the "medium-vacuum" interface. The refractive index n m is assumed to be independent of a wavelength and real in the whole visible range. We will vary n m within the range 1.3-3 trying to cover the whole range of refractive indices of dielectrics and low-absorbing (in the visible range) semiconductors. We change the radius of nano-cavities within the range 10 ÷ 150 nm with 10 nm step.
According to Eqs. (4), (5), (6) and following the reasoning stated in the previous section about dominant role of multipole moments of different orders in the scattering spectrum of nano-cavities, the dependence of location of transmittance maximum on the radius of nano-cavities a is not obvious as the latter participates in the formation of the spectrum in some complex way. That is why for each n m and a, we performed search of the wavelength corresponding to the peak of transmittance λ max (a, n m ), also, parameters were determined of the regression curve that describe the indicated dependence. It follows from calculations (Fig. 3) for each value of the refractive index of the medium n m .
where factors f, g of regression curves hyperbolically depend on n m :
The results of application of Eqs. (7), (8) are shown in Fig. 3 by solid lines. The small spread of numerical data and their deviation from linear dependence are determined, in particular, by the discrete steps in the calculations along the wavelengths scale, since the maximum here and further in the text was determined with accuracy ∆λ max = 10 nm.
As the condition (3b) is periodic, nano-layers with a certain radius of cavities can give maximum of transmission at different wavelengths the same way as homogeneous films do. The transmission however can be not equal to 100% as the condition (3a) can be violated. Indeed, as it follows from Eq. (4), the amplitude of reflection coefficient of the layer changes for different wavelengths. Correspondingly, it takes different values at wavelengths satisfying condition (3b). This effect plays the major role in the case of larger inclusions and in the case of high refractive indices of the antireflected medium. These statements are illustrated in Fig. 4 where the dependence of the maximum of transmittance is shown as a function of nano-pores size for two different media with n m = 1.3 and n m = 3.
In the case of weakly refracting medium (n m = 1.3, "*" symbols in Fig. 4) , the maxima corresponding to the first period of the condition (3b) occur for nano-cavities with radii 40 ≤ a ≤ 150 nm in an investigated wavelengths range. For smaller a, the λ max (a) values obviously lie in a more short wavelength range (λ max (a) < 350 nm) and are not reflected in calculations. From the other side, two maxima of transmittance take place in examined range (350 ≤ λ ≤ 1600) nm for a ≥ 140 nm. For a = 140 nm, one of them takes place at the wavelength λ (1) max = 1320 nm ( max 100%); the optical path length difference for the waves reflected from the boundaries of nanostructured film is approximately equal to 4an eff 0.42 · λ (1) max , where n eff -effective refraction index of the nano-layer. For simplicity, the effective refractive index of the porous film is set to n eff = 1. The second maximum ( max 97.3%) occurs at λ (2) max 380 nm and the corresponding path length difference makes 4an eff 1.48 · λ (2) max . It is obvious that in reality n eff is different from unity, thus, 0.5λ Figure 4 . The dependence of transmittance maximum value max on the pores size (numerical calculations). Symbols "*" correspond to the medium with refraction index n m = 1.3; symbols "×" correspond to the medium with refraction index n m = 3. The distance δ = 0.
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(2) max path differences take places that corresponds to the first and the second periods of condition (3b). For larger refractive indices of the medium, the transmission maxima corresponding to the second period fall into the concerned interval of wavelengths at smaller values of radius.
The analogues considerations can be performed also for the medium with n m = 3 ("x" symbols in Fig. 4) . The essential distinction of dependency max (a, n m = 3) from max (a, n m = 1.3) is that maximum transmittance does not reach 100% even in the first period because of violation of condition (3a) and because of high reflectivity of a pure medium ( = 25%).
Let us note that the proposed approximate model operates with values of λ max that belong only to the first period of condition (3b) and correspond to the "quarter wave" nano-structured antireflection plate. Correspondingly, for the medium with n m = 1.3, calculations according to Eqs. (7), (8) give the value λ max = 1312 nm (for the radius a = 140 nm); meantime the transmission maximum lying in a short wave range is not detectable. Now we investigate the dependence λ max (∆, n m ). In the framework of the considered formulism of "virtual boundary" Eqs. (2)- (5), one can suggest that dependence λ max (∆, n m ) qualitatively should follow the dependence of transmission maximum position as a function of depth of coating for the classical system "film on a substrate". This follows from Eq. (2) where this parameter enters determining the phase shift 2n m (k 0 ∆). The quantity ∆ characterizes the optical path difference for waves reflected from the boundary of the medium and from the embedded layer of nano-cavities. Hence, ∆ corresponds to the wavelength where the condition of interference for reflection minimum is satisfied. Moreover, in Eqs. (2)- (5) ∆ has the meaning
where δ is the distance between the surface of anti-reflected medium and the upper boundary of nano-structured film which is taken arbitrarily and does not depend on a, n m . In the case δ = 0, the dependence λ max (∆, n m ) should exactly follow the behavior of function λ max (a, n m ) and satisfy Eqs. (7), (8) . Thus, according to above statements, we can set
with an accuracy up to the constant δ.
If the task requires the use of the cavities of specific radius and the parameter a defined from Eq. (7) cannot be obtained exactly (for example, the anti-reflection of a given medium for the necessary wavelength occurs at a = 65 nm, but manufacturing process allows only a t = 60 nm cavities), the required λ max can be obtained by variation of distance δ. According to Eq. (10), the following relation is satisfied:
where a t is the radius of nano-cavities specified by manufacturing or some other reasons. Thus, according to Eq. (11), the change of nano-cavities radius by a certain amount is equivalent to the variation of their depth of bedding δ by the same amount. Correspondingly,
Let us note that the above statement is valid only for small values δ compared to the wavelength in a medium. Indeed, the optical path is different in considered cases as a (1) n eff = a (2) n eff + δ (2) Fig. 5 ) allows to vary the location of λ max in a wide spectral range (≈ 400 nm) that is enough for fine tuning the location of transmission maximum along the wavelengths scale. In this regard, we will not consider the dependence λ max (∆, n m ) more precisely within this work.
VERIFICATION OF THE MODEL
Besides the errors of numerical calculations, we can single out two mechanisms causing the deviation of the results of exact method and those obtained with approximate expressions (7)- (11): 1) The discreteness of parameters (λ, a, δ, n m ) in calculations defining the accuracy of λ max estimation. This mechanism already was mentioned earlier in the text.
2) Actual errors of the model related to the attempt of trying to describe complex nano-structural system by simple relations. In distinction to the previous parameter, this error can not be excluded except by introduction of additional polynomial terms in decompositions (7), (8), (11) forming infinite expansion series that does not seem rational as the resulting model can be as complex as numerical calculations themselves.
Nevertheless, Eqs. (7), (8) , (11) have good accuracy-simplicity ratio and, correspondingly, can be used for determination of nano-layer parameters that are necessary for antireflection of any a priori specified medium.
For example, application of the indicated formulas to the problem with numerical solution shown in Fig. 2 gives λ app max (a = 45, n m = 1.7) = 528 nm and λ app max (a = 43, n m = 2) = 566 nm. Meantime the numerical outcome is λ num max (a = 45, n m = 1.7) = 519 nm, λ num max (a = 43, n m = 2) = 554 nm. In order to verify extrapolation abilities of the model, let us consider the antireflection of some abstract medium with high refractive index n m = 4 which did not appear in calculations in derivation of relations (7)- (11) . According to formulas (7), (8) , the radius of nano-cavities being a = 25nm, the transmission maximum occurs at the wavelength λ app max = 519 nm. Now we can use these parameters for numerical calculation and compare λ app max and λ num max . Figure 6 shows the transmission spectrum of the medium in question modified by the layer of nano-cavities. Similar to the case of dielectrics with lower refractive indices (see Fig. 2 ), the antireflection is broadband. A maximum value max = 95.2% is reached at a wavelength λ num refractive indices that were used in calculations during construction of a given model. The magnitude of the transmission maximum does not reach 100% as the condition (3a) is not satisfied because of high reflectivity ( = 36%) of a pure medium. The transmission close to 100% can be obtained when using larger nano-cavities, for example, = 98.1% in infrared range for a = 170 nm and λ max 3450 nm.
Thus, the proposed approximate relations can be extrapolated beyond the regions of system parameters that were used for the derivation of those relations.
The only way to involve stochasticity (which can take place in experiment) in our model is to use mean parameters in formulas (7)- (11), f.e., mean radius or refraction index of a substrate. So, if one produces voids with slightly different radii, it is necessary to substitute a in (7), (11) withā. Then an errors of λ max can be easily estimated from (7)- (11), and their values are strongly dependent on the distribution of a. The same is for depth of bedding.
CONCLUSIONS
In present work, a simple approximate model of monolayer broadband antireflection structure is proposed that represents an ordered layer of equal sized nano-cavities embedded in the subsurface region of a medium. It is shown that nano-layer serves as universal antireflection agent that can be used for transmission increase for almost any nonabsorbing dielectrics. The fine-tuning of the system for one or another material and the variation of the position of transparency region along the scale of wavelengths is performed by change of the dimensions of cavities and also by the depth of bedding of the layer. Based on numerical analysis, the regression dependencies of transmission maximum spectral position are found as functions of structure parameters. It is demonstrated that the developed model has good accuracy as compared to numerical electrodynamic finite elements method and can be used, for example, for engineering calculations of parameters of antireflection nano-layers for a priori specified media. It is also shown that the model can be extrapolated into the region of parameters which were not considered during its construction, for example, into the regions of high or small (close to vacuum value) refractive indices. It is worth to note that the use of proposed nano-structure for media with such extreme magnitudes of optical constants is validated, for example, for antireflection of ferroelectrics and semiconductors in infrared and microwave regions where the creation of homogeneous coatings is complicated. Also, it is possible to create antireflection coating for artificial media with refractive index close to one [27] . According to general theory of antireflection coatings [24] , the refractive index of antireflecting coating in this case should be even closer to the vacuum value that obviously does not allow to use any natural dielectric for these purposes. While the application of highly rarefied nonabsorbing structure with controllable optical characteristics such as the discussed layer of nanocavities embedded into the anti-reflected medium allows to eliminate reflection that in turn will allow to construct almost invisible weakly refracting materials.
